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ABSTRACT 
The aim of this paper is to construct a new Ω − spectrum associated with infinite symmetric product functor of 
connected CW-complexes and their application to cohomology theory. 
In this paper we studies all cohomology operation for the cohomology theory associated with new Ω-spectrum. 
More precisely we prove that: 
i) the abelian group of all cohomology operations of degree k  for the cohomology theory H∗( ; A) is isomorphic to the 

group Hn+k(SP ∞(ΣnY ); A) ; and 
ii) the graded abelian group of all stable cohomology operations of degree k for the cohomology theory H∗(; A) is 

isomorphic to the group lim
⟵

��������(Σ��); ��.   
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1. INTRODUCTION 
In this paper we assume that C be the category whose objects are pointed topological spaces having the homotopy type 
of pointed finite CW-complexes and morphisms are maps of such spaces. Let SP∞ : C → C be the infinite symmetric 
product functor; Σ : C → C be the suspension functor and Ω be the loop functor. 
Dold and Tom [5] showed that SP∞(Sn) = K(Z, n), which is an Eilenberg- MacLane space with homotopy group 
πk(K(Z, n)) are all zero except for k = n. 
P.K.Rana [7] showed that SPn and SP∞ are covariant functor from the category of pointed topological spaces and base 
point preserving continuous maps to the category of pointed topological spaces and base point preserving continuous 
maps. 
E.H. Spanier[8] showed that if X be a connected CW-complex the there exists a weak-homotopy equivalence from  
SP ∞(X)  to  ΩSP ∞(ΣX). 
 
Let E = {En, αn} be a Ω-Spectrum and let X be connected CW-Complex, define a new Ω-spectrum  A = {Ak, αk}, where 

�� = �
Ω�(���)���(�), �� � < 0

Ω���(Σ��), �� � ≥ 0
 

 
The homotopy equivalence αk : Ak → ΩAk+1 is defined by 

�� = �
��������, �� � < 0
Ω ∘ ��, � ≥ 0

 

 
, where ρk : SP ∞(ΣkX) → ΩSP ∞(Σk+1X) is an weak homotopy equivalence. 
P.K.Rana and B. Mondal [9] showed that the generalized cohomology theory has some relations with the ordinary 
singular homology theory with integral coefficients. 
In this paper we studies cohomology operations in the generalized cohomology theory. 
We show that there exist relations between the cohomology operations and the general cohomology groups of some 
spaces in this general cohomology theory. 
 
Now we recall the following definitions and statements: 
Definition 1.1 
Let X be a topological spaces with base point x0 ∈ X. For n ≥ 0, we define the n fold symmetric product of  X , denoted  
by SPnX by SP 0X = x0, SPnX = Xn/Sn for n ≥ 1, where Xn denotes the n fold cartesian product of X with itself and Sn 
denotes the symmetric group on n objects regarding as acting on Xn by permuting the coordinates. 
Hence for n ≥ 1, SPnX = {(x1, · · · , xn) : xi ∈ X)} , 
We  define  limn→∞ SPnX  = ⋃ ����

��� �  is  called  an  infinite  symmetric product of X and is denoted by SP ∞X, 
 
Definition 1.2 
Let X be a topological spaces with base point x0 ∈ X. Then the reduced suspension of X , denoted by ΣX is defined to be 
the quotient space X × I in which (X × {1}) ∪ ({ x0} × I) ∪ (X × {0}) is identified to a single point.  
 
Definition 1.3 
Let X be a pointed topological space with base point x0 . Then the Loop space of X denoted by ΩX, defined to the space 
of all continuous pointed map α : S1 → (X, x0) equipped with compact open topology. 
 
Definition 1.4 
A spectrum E = {En, αn} of spaces in C is said to be an Ω − spectrum , if αn : En → ΩEn+1 , n ∈ Z is a base point 
preserving weak homotopy equivalence for every integer n. 
 
Definition 1.5 
The spectrum E = {Xn, αn} given by Xn = K(Z, n) and αn : K(Z, n) → ΩK(Z, n+1), a base point preserving weak 
homotopy equivalence, is called an Eilenberg MacLane spectrum. 
Dold and Tom [5] showed that SP∞(Sn) = K(Z, n),which is an Eilenberg- MacLane space with homotopy group 
πk(K(Z, n)) are all zero except for k = n. 
E.H. Spanier[8] showed that if X be a connected CW-complex then there exists a weak-homotopy equivalence from  
SP ∞(X) → ΩSP ∞(ΣX)  
 
Definition 1.6 
A cohomology operation in H∗( ; A) of degree k is a natural transformation 
φm : Hm( ; A) → Hm+k( ; A). 
 
Definition 1.7 
For the cohomology theory H∗( ; A), a stable cohomology operation of degree  k is a sequence  φm : Hm( ; A) → Hm+k( ; 
A) of cohomology operation of degree k such that σm+k(φm(x)) = φm+1(σm(x)), for all x ∈ Hm(X, A) and for all X ∈ C, 
where σm is the suspension isomorphism in H∗( ; A). 
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Definition 1.8 
A sequence of homomorphisms 
µm+k : Hm+k+1(SP ∞(Σm+1Y ); A)  → Hm+k(SP ∞(ΣmY  ); A)  as  the  product of homomorphisms 

Hm+k+1(SP∞(Σm+1Y ); A)  
(��
������ )∗

�⎯⎯� Hm+k+1(SP ∞(ΣmY ); A) 
������

��

�⎯⎯⎯⎯⎯� Hm+k(SP∞(ΣmY ); A)  i.e., µm+k =(��
����� )∗ ∘  (����)�� 

is the homomorphism induced by the adjoint map  (��
�����)  of  ρm  :  SP ∞(ΣmY ) ⟶ Ω SP∞(ΣmY ). 

Hence the following sequence of abelian groups and homomorphisms 

∙∙∙⟶ Hm+k+1(SP∞(Σm+1Y ); A)  
 ����
�⎯⎯� Hm+k(SP∞(ΣmY ); A)→ ⋯ form an inverse system of groups and homomorphisms. 

 
Let lim Hm+k(SP ∞(ΣmY ); A) denote the inverse limit group of the above system. 
 
Definition 1.9 
The spectrum � = {��, ���} defined ��= ΣnX and αn : Σ(ΣnX)→ Σn+1X to the natural homeomorphism is called a 
suspension spectrum. 
 
Definition 1.10 
If Xn = Sn in the suspension spectrum E = {Xn, αn}, then the spectrum is called sphere spectrum and it is denoted by S. 
Thus the sphere spectrum S = {Sn, αn}, where αn : ΣSn → Sn+1 is the identity map. 
 
Proposition 1.11 
For any pointed topological space,we have πn(X) = πn−1(ΩX)  
Proof: Since 

πn−1(ΩX) = [Sn−1, ΩX] 
             = [ΣSn−1, X] 

       = [Sn, X] 
     = πn(X) 

From this we have the following: 
 
Proposition 1.12 
For any pointed topological space,we have πn(X) = πn−k(ΩkX) 
 
Proposition 1.13 
Let X be a connected CW-Complex and if SP ∞(X) is an Eilenberg-MacLane space of type K(G,n),then SP ∞(ΣX) is an 
Eilenberg-MacLane Space of type K(G,n+1). 
Proof: Using [8],there is an weak homology equivalence, 

ρ : SP ∞(X) → ΩSP ∞(ΣX). 
 
This implies that πm(SP ∞(X)) = πm(ΩSP ∞(ΣX)), ∀m ∈ Z. 
Thus using Proposition 1.11 , we have πm(SP ∞(X)) = πm+1(SP ∞(ΣX)). Thus 

πm+1(SP ∞(ΣX)) = πm  (SP∞(X) =�
�, �� � = �
0, ��  � ≠ �

  

Thus SP ∞(ΣX) is an Eilenberg-MacLane Space of type K(G, n+1).  
 
From this proposition we conclude that 
Remark: 
Let X be a connected CW-Complex and if SP∞(X) is an Eilenberg-MacLane space of type K(G,n),then SP ∞(ΣkX) is also 
an Eilenberg-MacLane Space of type K(G,n+k). 
 
2. Construction of New Ω-spectrum associated with infinite symmetric product functor . 
Let E ={En, αn} be a Ω-Spectrum and let X be connected CW-Complex, define a new Ω-spectrum A = {Ak, αk} 
, where 

�� = �
Ω�(���)���(�), �� � < 0

Ω���(Σ��), �� � ≥ 0
 

The homotopy equivalence αk : Ak → ΩAk+1 is defined by 

�� = �
��������, �� � < 0
Ω ∘ ��, � ≥ 0

 

, where ρk : SP ∞(ΣkX) → ΩSP ∞(Σk+1X) is an weak homotopy equivalence defined by, 
ρk(x1, x2, · · · , xk)(t) = ((x1, t), (x2, t), · · · , (xk, t)), ∀ t ∈ I. 
 
The cohomology group Hn(X; A) of X ∈ C associated with  this  spectrum A is the direct limit of the sequence of groups 
and homomorphisms 
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Hence Hn(X; A) = limk→∞[X, ΩkAn+k] = [X, An],  as each αk is a weak 
homotopy equivalences. 
Define the  n-th  reduced  generalized  cohomology group  Hn(X; A)  associated with an Ω − spectrum by Hn(X; A) = 
 [X, An] 
 
Let (CO)k

m be the set of all cohomology operations of degree k of the type φm for the cohomology theory H∗( ; A), and 
(COs)k be the set of all stable cohomology  operations for  the cohomology  theory H∗(  ; A). 
Now we have: 
 
3. Application to  cohomology  theory  associated  with  New  Ω −spectrum . 
In this section we show that 
i) In the ordinary singular cohomology theory H∗(; Z), the  groups  (CO)k and Hm+k(K(Z, m), Z) are isomorphic ,where 

K(Z, m) is an Eilenberg- Maclane space. 

ii) the groups (CO)k
m and  lim

⟵
��������(Σ��); �� are isomorphic. 

Thus we have the following theorem: 
 
Theorem 3.1 
Let (CO)k

m be the set of all cohomology operations of degree k of the type φm  for the cohomology theory H∗(; A).Then 
(CO)k

m is a group. 
Proof: Now we define ’+’ on (CO)k

m by the rule 
(φm + ϕm)(X)(x) = (φm)(X)(x) + (ϕm)(X)(x), ∀x ∈ Hm(X; A) 
and  for all  X ∈C, where the right hand side addition is the addition in 
the additive abelian group Hm+k(X, A). Then (COk , +) is an additive group. 
 
Let [Id] is the homotopy class of the identity map 
Id : SP ∞(ΣmX) → SP ∞(ΣmX). 
Now we have the following: 
 
Theorem 3.2 
The mapping λ : (CO)k  → Hm+k(SP ∞(ΣmX); A) be defined by λ(φ) = φ[Id] is an isomorphism of groups. 
Proof: Since [Id] is the homotopy class of the identity map 
Id : SP∞(ΣmX) → SP ∞(ΣmX) and  let  x ∈ Hm(X, A)  be  represented  by a map g : X → SP∞(ΣmX) in C . 
Now we define a map µ : Hm+k(SP ∞(ΣmX); A) → (CO)k by µ(α)(x) = [α ◦ g] = g∗(α), for all α ∈ Hm+k(SP ∞(ΣmX) 
Now µ(α + β)(x) = g∗(α) + g∗(β) ⇒ µ is a homomorphism. Again λ ◦ µ = identity and µ ◦ λ = identity and hence λ is an 
isomorohism and its inverse µ. 
 
Using this theorem we have the following 
Proposition 3.3 
For the ordinary singular cohomology theory H∗( ; Z), the groups (CO)k and Hm+k(K(Z, m), Z) are isomorphic ,where 
K(Z, m) is an Eilenberg- Maclane space. 
Proof: For X = S0, the space SP∞(ΣmX) becomes the Eilenberg-Maclane space K(Z, m) and the general cohomology 
theory reduces to the ordinary singular cohomology theory H∗( ; Z). Using the Theorem 3.2, it follows.  
 
Proposition 3.4 
Let (COs)k

m be the set of all stable cohomology operations for the cohomology theory H∗( ; A), then (COs)k
m forms an 

additive abelian group. 
Proof: We define an addition ’+’ on (COs)k

m by the rule (φm+ϕm)(X)(x) = (φm)(X)(x) + (ϕm)(X)(x), for all x  ∈ Hm(X; A) 
and for all X  ∈ C. 
Thus (COs)k

m becomes an additive abelian group. 
 
Proposition 3.5 
The graded abelian group (COs)k

m  of all stable cohomology operations of degree k for the cohomology theory H∗( ; A) is  

isomorphic to the group lim
⟵

��������(Σ��); ��. 

Proof: Using the definition 1.8, it follows that an element of lim
⟵

��������(Σ��); ��; A) is a sequence  

xm ∈ Hn+k(SP∞(ΣnX); A) such that µm+k(xm+1) = xm. 
Hence (σm+k)−1 ◦ (ρm)∗(xm+1) = xm, i.e., (ρm)∗(xm+1) = σm+k(xm). 
We now show that to each sequence of the elements xm ∈ Hn+k(SP ∞(ΣnX); A), 
there corresponds a stable cohomology operation of degree k in (COs)k

m and conversely. 
Since  µ  :  Hm+k(SP ∞(ΣmX); A)   →  (CO)k

m  be the homomorphism and so  µ(xm)  = φm. Now we show that {φm} is a 
stable cohomology operation of degree k in H∗( ; A).Let x ∈ H∗( ; A) be represented by a map 
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f : X → SP ∞(ΣmX).Then σm(x) is represented by the composite map 

 

 

 
 
Hence it follows that corresponding to each sequence φm, there exists a sequence of elements xm ∈ Hm+k(SP ∞(ΣmX); A) 
such that σm+k(xm) = (ρm)∗(xm+1). 
 
Proposition 3.6 
If X = Sn, then the graded abelian group {(COs)k

m } of all stable cohomology operations of degree k in H(;A) is     
isomorphic to lim Hm+k+n(K(Z, m + n); Z),where H∗( ; Z) is the ordinary cohomology theory with coefficient in Z. 
Proof: Using the theorem 3.5 and since Hm+k(SP∞(  Σ�Sn); A) = Hm+k(K(Z, m+ n); A) = Hm+k+n(K(Z, m + n); Z), it 
follows. 
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