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ABSTRACT 

In this paper, we study on rotational mixed type surfaces and give two theorems 

about degeneracy of first fundamental form. 
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1. INTRODUCTION 

It is known that every closed surface in 𝐿3must be of mixed type [1]. The first 

fundamental form of a mixed type surface is type-changing metric. Type-changing 

metrics are of interest both mathematics and theoretical physics[2].[3]. 

Definition  1.1  Let  us  denote  by  𝐿3     the  Lorentz-Minkowski  3-space  of  signature 

(+   +    −). Concider an embedded surface S in 𝐿3. The induced metric of S might    

be either positive definite, indefinite or degenerate. According to such properties, a 

point on the surface S is said to be spacelike, timelike or lightlike. If the spacelike, 

timelike and lightlike point sets are all non-empty, the surface S is said to be a mixed 

type surface [4] 

Definition 1.2 A surface is called a rotation surface with axis l if it is invariant under 

the action of the group of motions in 𝐿3  which fix each point of the line l. [5]. 

The main result of this paper is as follows: 

 

Theorem A: Let 𝑓: ∑ → 𝐿3  be a mixed type rotation surface given by 

 
𝑓(𝑢, 𝑣) = (𝑢, 𝑓(𝑢)𝑐𝑜𝑠𝑣, 𝑓(𝑢)𝑠𝑖𝑛𝑣) 

with the first fundamental form 

𝑑𝑠2  = 𝐸𝑑𝑢2  + 2𝐹𝑑𝑢𝑑𝑣 + 𝐺𝑑𝑣2  and discriminant function 𝜆 ≔ 𝐸𝐺 −  𝐹2
 

If   𝑓𝑢             ⊥ 𝑓𝑣             and 𝜆 ≔ 𝐸𝐺 − 𝐹2  = 0 ,where   𝑓𝑢  : = 𝑑𝑓(𝜕𝑢) 𝑎𝑛𝑑 𝑓𝑣  : = 𝑑𝑓(𝜕𝑣)   then the 

surface is either a cylinder or a cone. 

 

Theorem B: Let 𝑓: ∑ → 𝐿3  be a mixed type rotation surface given by 

 
𝑓(𝑢, 𝑣) = (𝑔(𝑢)𝑠𝑖𝑛ℎ𝑣, 𝑢, 𝑔(𝑢)𝑐𝑜𝑠ℎ𝑣) 

with the first fundamental form 

𝑑𝑠2  = 𝐸𝑑𝑢2  + 2𝐹𝑑𝑢𝑑𝑣 + 𝐺𝑑𝑣2  and discriminant function 𝜆 ≔ 𝐸𝐺 −  𝐹2
 

If   𝜆 ≔ 𝐸𝐺 − 𝐹2  = 0  , then the surface is an hyperboloid of two-sheets. 
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2. PRELIMINARIES 

 

We denote by 𝐿3  the Lorentz-Minkowski 3-space with the standard Lorentz metric 
 

3 

< 𝑥, 𝑥 >𝐿= 𝑥2 + 𝑥2 − 𝑥2 ; 𝑥 = ∑ 𝑥𝑖𝑒𝑖 ∈ 𝐿
3

 

 
1 0 0 

1 2 3 

 

1 

 
𝑖=1 

0 0 
where 𝑆 ≔ (0 1 0 ) , 𝑒1  ≔ (0)    𝑒2 ≔ (1) 𝑒3  ≔ (0) 

0 0 −1 0 0 1 
A vector 𝑥 ∈ 𝐿3    (𝑥 ≠ 0) is said to  be 

spacelike if < 𝑥, 𝑥 >𝐿> 0, 

timelike if < 𝑥, 𝑥 >𝐿< 0, 

lightlike if < 𝑥, 𝑥 >𝐿= 0. 

 

2.1 Mixed type surfaces In this paper,    a surface in 𝐿3  is defined to be an embedding 

𝑓: ∑ → 𝐿3  of a connected differentiable 2-manifold ∑. A point 𝑝 ∈ ∑ is said to be   

a lightlike (resp. spacelike, timelike) point if the image 𝑉𝑝 ≔ 𝑑𝑓𝑝 (𝑇𝑝∑) of the 

tangent space 𝑇𝑝∑ is lightlike (resp. spacelike, timelike) 2-subspace of 𝐿3. We 

denote by LD the set of lightlike points, ∑+ the set of spacelike points and ∑−the 

set of timelike points. If both ∑+ 𝑎𝑛𝑑 ∑− are non-empt, the surface is called a 

mixed  type surface.Denote  by 𝑑𝑠2   the first fundamental  form of   𝑓.  𝑑𝑠2   is  the 

smooth metric on ∑ defined by 𝑑𝑠2 ≔ 𝑓∗ < ,  >𝐿  . Then 𝑝 ∈ ∑ is a lightlike point 

if and only if (𝑑𝑠2)𝑝 degenerate as a symmetric bilinear form  on  𝑇𝑝∑.  

Similarly 𝑝 ∈ ∑ is a spacelike (resp. timelike) point if and only if (𝑑𝑠2)𝑝 is 

positive definite (resp. indefinite). Take  a  local  coordinate  neighborhood  
(𝑈; 𝑢, 𝑣) of  ∑ . Set 

𝑓𝑢         ≔ 𝑑𝑓(𝜕𝑢)  𝑓𝑣         ≔ 𝑑𝑓(𝜕𝑣). Then  𝑑𝑠2  is written as 
 

𝑑𝑠2  = 𝐸𝑑𝑢2  + 2𝐹𝑑𝑢𝑑𝑣 + 𝐺𝑑𝑣2
 

 
𝑤ℎ𝑒𝑟𝑒 𝐸 ≔< 𝑓𝑢 , 𝑓𝑢  >𝐿, 𝐹 ≔< 𝑓𝑢, 𝑓𝑣  >𝐿, 𝐺  ≔< 𝑓𝑣, 𝑓𝑣  >𝐿 

If 𝜆 ≔ 𝐸𝐺 − 𝐹2 then a point 𝑞 ∈ 𝑈 is lightlike (resp. spacelike, timelike) point if 

and only if 𝜆(𝑞) = 0 (𝑟𝑒𝑠𝑝. 𝜆(𝑞) > 0, 𝜆(𝑞) < 0) holds. 𝜆 is called  as 

discriminant function. 
2.2 Rotation surfaces In this paper, a rotation surface in 𝐿3  is given by timelike axis  

as x-axis and spacelike axis as y-axis then the  surface is expressed as follows: 

 
𝑓(𝑢, 𝑣) = (𝑢, 𝑓(𝑢)𝑐𝑜𝑠𝑣, 𝑓(𝑢)𝑠𝑖𝑛𝑣)      𝑖𝑓 𝑡ℎ𝑒 𝑎𝑥𝑖𝑠 𝑖𝑠 𝑡𝑖𝑚𝑒𝑙𝑖𝑘𝑒; 

𝑓(𝑢, 𝑣) = (𝑔(𝑢)𝑠𝑖𝑛ℎ𝑣, 𝑢, 𝑔(𝑢)𝑐𝑜𝑠ℎ𝑣)  𝑖𝑓 𝑡ℎ𝑒 𝑎𝑥𝑖𝑠 𝑖𝑠 𝑠𝑝𝑎𝑐𝑒𝑙𝑖𝑘𝑒. 
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3. PROOF OF MAIN RESULTS 

 
In this section we give the proofs of theorem A and theorem B in the introduction. 

3.1 Proof of theorem A Let 𝑓: ∑ → 𝐿3  be a rotation mixed type surface given by 

𝑓(𝑢, 𝑣) = (𝑢, 𝑓(𝑢)𝑐𝑜𝑠𝑣, 𝑓(𝑢)𝑠𝑖𝑛𝑣) 
Then by direct calculation we obtain 

𝐸𝐺  − 𝐹2  =  (1 + 𝑓 2𝑐𝑜𝑠2𝑣)(−𝑓2𝑐𝑜𝑠2𝑣) − 𝑓2𝑓 2𝑠𝑖𝑛22𝑣 

𝑤ℎ𝑒𝑟𝑒 𝑓  = 
𝑑𝑓

 
𝑑𝑢 

𝑎𝑛𝑑 𝑓 = 𝑓(𝑢) 

If  𝑓𝑢             ⊥ 𝑓𝑣          then 𝑓2𝑓 2𝑠𝑖𝑛22𝑣   = 0 . 

We have two cases; 𝑓2𝑓 2  = 0 𝑜𝑟 𝑠𝑖𝑛22𝑣 =  0 

Case1: If 𝑓2𝑓 2  = 0 then 𝑓 = 𝑐 𝑤ℎ𝑒𝑟𝑒 𝑐 𝑖𝑠 𝑎   𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

Case2: If  𝑠𝑖𝑛22𝑣 = 0 then 𝑣 = 0, 𝜋 𝑜𝑟  
𝜋

 
2 

For discriminant function we have 

 

 
𝐸𝐺 − 𝐹2  = 

 

−𝑐2𝑐𝑜𝑠2𝑣 𝑖𝑓 𝑓2𝑓 2  = 0 
  
−𝑓2(1 + 𝑓 2)   𝑖𝑓 𝑣 = 0, 𝜋 
  

𝑓2(1 − 𝑓 2)   𝑖𝑓 𝑣 = 
𝜋

 
{ 2 

𝐸𝐺 − 𝐹2  = 0 𝑡ℎ𝑒𝑛 𝑓(𝑢) = 𝑐 𝑜𝑟 𝑓(𝑢) = 𝑢 +  𝑘  , 𝑘 𝑎𝑛𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

That means surface is a cylinder or a cone. 

3.2 Proof of theorem B Let 𝑓: ∑ → 𝐿3  be a rotation mixed type surface given by 

𝑓(𝑢, 𝑣) = (𝑔(𝑢)𝑠𝑖𝑛ℎ𝑣, 𝑢, 𝑔(𝑢)𝑐𝑜𝑠ℎ𝑣) 
Then by direct calculation we obtain 

𝐸𝐺 − 𝐹2  = 𝑔2(1 − 𝑔  2) 
𝑑𝑔 

𝑤ℎ𝑒𝑟𝑒 𝑔   = 
𝑑𝑢   

𝑎𝑛𝑑 𝑔 =  𝑔(𝑢) 

𝐸𝐺 − 𝐹2  = 0 𝑡ℎ𝑒𝑛 𝑔2  = 0 𝑜𝑟 (1 − 𝑔  2) =  0 

Case1: If 𝑔(𝑢) = 0  then 𝑓 does not describe a surface 

Case2:  If (1 − 𝑔  2) = 0 then   𝑔(𝑢) = ∓𝑢 + 𝑘 𝑤ℎ𝑒𝑟𝑒 𝑘 𝑖𝑠 𝑎𝑛𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡   .  That  means 

surface is hyperboloid of two sheets. 
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