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ABSTRACT
The nth triangular number denoted by T, is defined as the sum of the first n consecutive positive

integers, and a positive integer n is a triangular number if and only if T, = nH) n this paper we

represent a triangular number by a quadratic function i.e., for each m € Z the necessary and sufficient

condition for a quadratic function f(x) =x*+x—2m to be triangular is proved We also prove, a
theorem associated to a rational root d of a quadratic function f(x) to be a triangular number T,, We
also use Generating function to represent the sets of Quotients of triangular numbers
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INTRODUCTION
A triangular number T;, is a number of the form T, =1+2 4+ 3+ ---4n, where n is a natural
number. For instance, the first few triangular numbers are 1,3,6,10,15,21,28,36,45 [1, 2,3]. Awell

known fact about triangular numbers is that y is a triangular number if and only if By + 1) is a perfect
square. Triangular numbers can be thought of as the numbers of dots that can be arranged in the shape

of a triangle. Another interesting aspect of the triangular numbers is that they are in consecutive pairs of
alternating odd and even integers. The table of triangular numbers (pages6 and 7) illustrates this fact.

Lemma 0.0.1: A positive integer k is called Triangular if and only if there exists a positive integer n
such that k =X7t i=""""=T, [1,4, 56].

Example 0.0.2 Prove that 25k + 3 is triangular if k is triangular.

x(xt1)
2

forsomen 2 1, k = n(n2+1). Hence, 25k + 3 =25(

Proof: We show that 25k + 3 = forsome x > 1, Suppose kis triangular. By (Lemma 00 1),

nQ@ +1) 3= (25 n2+25n+6) _ (5n42)(5 n+3)
2 2 )

2
Set x=5n+ 2.Then5n+ 3 =x+1 and 25k + 3 = (5n+2)2(5n+3) = chZ+1) . Therefore

25k + 3 is triangular. n

Theorem 0.0.3 A positive integer mis a triangular number if and onlyif an oddrootd of a quadratic
functionf(x) = x? + x 2m dividesm

Proof: (=) Suppose a positive integer m is triangular and d is an odd root of f (x). We show that d|m.

nG;+D(Lemma 0.0.1). This impliesf (x) = x> +x - 2 =x*+x —

x?2+x n(n+ 1).Because d s aroot of f(X) we havef(d)=d?+d n(n+1)=0

There exists n € Z such that m =
2 n(nz+ D_
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-1+/12-4(D(n(n+1)) _ —1+V1i+4n2+4n
2 - 2
_—1+y/(@2n+1)2 _ —14[2n+1]
- 2 - 2 ’

Using quadratic formula, we have d =

This implies d = %, or d= @ thatis,d =n or d =—(n+1).

. . n(n+1)
We consider two cases. Firstm = ———=

= k(i) _ k(2k + 1), andthen d = —(n+ 1) = —(2k + 1)|m. Second when n is odd

ie., n=2k+1forsomek € Z*. We have m = Gkt1)2k+2) 2k +1)(k+ 1) and

2
d=n =Qk+1)|m.

when n is even i.e., n = 2k for some k € Z*. This implies

(&) Suppose an odd root d of f(x) = x*> + x — 2m divides m. We show that m is triangular. As d is a
root of f(x) = x2 + x — 2m it follows f(d) = d? + d — 2m = 0, and d divides m implies m = dc for
some ¢ € Z*. Combining the former and later we have

f(d)=d?*+d—2(dc) = 0.

Therefore, d?> +d — 2(dc) = d(d + 1 — 2c¢) = 0, and eitherd = 0 or (d + 1 — 2¢) = 0. As d divides
m, d # 0. This implies that (d + 1 —2c¢) =0,and 2c=d + 1,andc = %. Thus, m =dc = %ﬂ)
and hence m is triangular. [

Theorem 0.0.4 All roots of a quadratic function f (x) = x* + x — 2m are rational if and only if
m is triangular.

Proof. (=) Suppose a quadratic function f (x) = x* + x — 2m has rational root d . Then the

—-1+V1+8m .
2

root d = is rational. This implies the discriminant D = (1 + 8m) must be a perfect square.

If (1 + 8m) is a perfect square, then there exists an integer p such that p? = 1+ 8m. But1 + 8m =
1+ 2(4m) = 1 + 2t for some t = 4m € Z* and is an odd integer. Consequently p? is odd

and p is odd too. This implies there is a € Z* such thatp = 2a + 1 and (2a + 1) 2 = 1 + 8m. Hence
40’2 +4a+1 = 1+ 8mand 4a? + 4a = 8m. Consequently, 4a(a + 1) = 8m and then

a(a+1 . .
m= % Therefore m is a triangular number.

Suppose m is a triangular number and a quadratic function f (x) = x* + x — 2m has a real root.
Then we show that it is not an irrational number. The quadratic function f (x) = x? + x - t(t + 1)
t(tzﬂ) is triangular implies f (x) = x> + x-t(t+1)=(x—t)(x+t+1) =0 hasa
root x where eitherx =t or x = —(t + 1) which is a rational number. ]

where m =

t(t+1)

Corollary 0.0.5 If a quadratic function f (x) = x?> + x — 2m has a roott, then m = .

Proof: Suppose a quadratic function f (x) = x?> + x- 2m hasaroott.The f(t) = t?> +t—2

m = 0. This implies t> +t = 2m and t(t + 1) = 2m, consequently m = t(t;rl)' "
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Example 0.0.6 Consider the quadratic function f (x) = x* + x- 30. Then f(x) = (x +6)(x —
5) = 0implies the rootsof f(x)ared = —6 or d = 5.

Consequently, m = d(dzﬂ) 5(5+1) 66t _ = 15 =Ts is a triangular number.

Theorem 0.0.7 Let f;(x) = x? + x —2T; and P(x) =[IY,fi; (x) whereT; and R; are triangular
numbers and roots to f;(x) respectively for each i > 1. Then

1) deg P(x) = 2n, and

2) TR = (D2 1L, T

L(l+1)

Proof: 1)Given fi(x) = x*> + x — 2T; where T; = . Then deg f;(x) = 2 foreach i > 1.
For nonzero polynomial functions f(x), h(x), and g(x) such that f(x) = h(x)g(x),
deg f(x) = deg h(x) + deg g(x).
Hence deg(P(x)) = deg(IT f; (X)) =Xt deg f; (x) = XL, 2 = 2n.

Consider f;(x) = x* +x = 2T; = x*> + x — i(i + 1) = (x + (i + 1))(x — i). This implies f;(x) = 0
ifandonly if (x+ (i+1))(x—i) =0 ifandonlyif x =i or x=—(+1). SetR; =i or R; =

—(i + 1). Each quadratic polynomial function f;(x) has two distinct roots. This implies the product of all
roots of the polynomial P(x),

2R =TT, — @+ D@ = [T, —@+ DI = (D (e + D)L (®)

But TT, T =TT, l(lﬂ) = Zln 2+ 1) =Zin(n!)(n + 1)!. This implies
2" [T, Tl = nl(n+ 1! (®®)
Combing (®) and (®®) wehave [[ZR;= (—1)"2"[[~,T;. n

Define a sequence,

e a2 20220 =) = iz v ()R, where

372’5’3%7 Tiv1);—q

R TP T OO 1 Y R 73 gy
=17 13’5%7"9 2i+1) -1 Ty Jiq 914

o {¢;}i2:= {E'Z;E»E'E'---} = {&}m = {:l_} and gcd(f;,g) =gcd(h;, 1) =1,][7]

23456 T2i+1i=1 ll

Set:
a){d;}z,=1{1,1,3,2,5,3,7,4,..}=U2,{2i—1, i} and

b)R; = {i(2i—1),i(2i + 1):i >1}

Szi=2i+1

| >
c) Foreachi = 0, {52i+1 —it1

Volume-4 | Issue-8 | August, 2018 3



ZiJRDO

IJRDO - Journal of Mathematics ISSN: 2455-9210

Theorem 0.0.8  Define foreachi = 0,

{szl- =2i+1, (%)
Spiv1 = L+ 1,(xx)

Then T; = S;_1 *S; isatriangular number for each i > 1.
Proof:

Case 1: We first considered the case when i is even, i.e., i = 2k.
Then TZk = Ti = Si—l * Si
= Sok—1 *Sok = Sak—1)+1 * S2x, because 2k —1=2(k—1)+1

=((k—1) +1) «(2k+1) by (x) and (*x)

2kx(2k+1) _ i*(i+1)
2 T2

kx 2k +1) =

Therefore, T; = i*(;+1), and by (Theorem 0.0.1) T; = S;_1 * S; is a triangular number.

Case 2: Now we considered the case when i is odd, i.e., i = 2k + 1.
This implies that  Blyp,1 =T; = Si_1 * S;

= Sok+1-1 * Sok+1

=Sok * Sok+1, =2k +1) * (k+1) by (x) and (x*)
_ (k+1)*(2k+1+1) _ ix(i+1)
- 2 T2
Therefore, T;= i *(i;l), and by (Theorem 0.0.1), T; = S;_1 * S; is a triangular number. [

Corollary 0.0.9 [8] [A105658] off set {0}
The set F =Uj2,{2i—1, i} isthe set of integers that satisfies the statement of
(Theorem 0.0.10).
F ={1,1,3,2,5,3,7,49,...}

Theorem 0.0.10 Set R; = {h;f; =i(2i—1), hjg; = i(Qi+1):i >1}.
Then UL, R, = UET, (©0O)
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Proof: Denoten; = h;f; = i(2i — 1) and p; = h;g; = i(2i + 1) foreach i = 1. Then
Ry = {ny,mli = 1}.

Weset F, = UL n; and G, = U u; . Thisimplies U~ R; = E, U G, .
. . =Uim U Uy
But m=iQ2i-1) =222 =7,_,,i>1and

w=iQi+1) ==, i>1, (OOO)

are triangular numbers [7]. We use induction to prove the statement. We verify it is true forn = 1.

The left side of (®® ), Ry =F, UG, =1, U u; ={Ty,T,} =U}, R; and the right side U?_, T;,
are equal. Hence true forn = 1. Let k € Z* and suppose the statement in (O®) is true forn = k that
is

U{'(=1 R; = Ui251 T;.

Now we show that it is true for k =n + 1. Thus
i‘<=+11 R; = U§c=1 R; U {Ry41}= Ui251 T; U {Rygyq} = Uizf1 T; U kg1 tienl -
From(OOO) Ni+1 = Tok+1)-1 =T2k+r  aNd Ugr1 = Toges1) = Tax+2 - This implies
2(k+1 2(k+1 )
Ui251 T; U M1 Mrs1) = Ui251 T; U{T2k41,Toge2 } = Ui£1 )Ti and ?:11 R; = Uiil )Ti . This
implies the statement is true for k =n + 1.
Hence the statement in (OQ© )istrue V k > 1. ]

Definition 0.0.11
A finite or infinite expression of the form

a=a, + —— *
N — ()
B G
where the a; are real numbers witha,,a,, as ,a,,. .. >0 iscalleda continued fraction. The

numbers a; are called the partial quotients of the continued fraction.
The continued fraction (*) is called simple if partial if the partial quotients a; are all integers. It is

called finite if it terminates, i.e., if it is of the form

a=a + T (%)

and infinite otherwise. [9, 10, 11]
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Notation: (Bracket notation for continued fractions). The continued fractions (*) and (**) are denoted
by lai; az,a3,a4,... ] and [a;; ay,a3,a4,. .. a,] respectively.

Example 0.0.12

1 1
a=1+ ————— =1+ —
1+[1;2,2,2,2,. . ] 1+a

Rearranging, we see a must be a solution of x? = 2, but since a is a positive (Indeed a > 1), we
have a = 2 .

Theorem 0.0.13 [12]

. . 1
I. Continued fraction, x = flgl = — (*)
f1+—f2 e—1
+
g1 Fa + gzgs
g2 +—-.

I Leta={fi g1, f>,92./3,93,..-3 and b={hy, I3, hy, L5, hy,l5,...}. The two set of

3 3
numbers are generated by, GF, f(x) = m and g(x) = % respectively.

Some ODD and EVEN Triangular Numbers with Corresponding Subscripts [13]

66 78 91 105 120 136 153 171 190 210

6 10 |28 |36 |66 78 120 | 136 | 190 210 276 300 378 406

2*%3 | 2*5 | 4*7 | 4*9 | 6*11 | 6*13 | 8*15 | 8*17 | 10*19 | 10*21 | 12*23 | 12*25 | 13*27 | 13*29

3 | &y | t7 | B3 t11 t12 tis t1e t19 tao 23 tos try s

The table above shows even triangular numbers with their respective T subscripts (see shaded)

tyi—, L IS even tak—z, fori=2k k€Lt
and = and
tZi—ll l iS Odd t4k—3’ fOT‘i = Zk - 1,k € Z+
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The table above shows odd triangular numbers with their respective T subscripts (see shaded).

t,i , I is even tae » fori=2k keZt
and = and
triv1, 1 is odd tag—1, fori=2k—1,keZ*

Theorem 0.0.11: Any two consecutive even triangular numbers have the form T, and T4, for each
k >1,and " (TE —TZ_,) = 64T2. Likewise any two consecutive odd triangular numbers are

Tyy—p and Tyy_3 foreach k =1 and
?—1(71421'—2 - T42i—3) = 8T22n2—1 :
Proof: We prove the statement when

1) the triangular numbers have even parity,

Ty = @ and Ty_, = w by Lemma (0.0.1). This implies,

T2 - T3, = (BUMD)°  (HEOVE (Y (44 1)2 (4 — 1)2) = 4i2(4) = (40)°

2 2
2 2
AsT, = B+ for each n >1land Y, i3= @ we have

n(TZ-T2_,) = YL, (4])3=6430 i3 =640 (““) = 64 (“(““)) = 64T2

2) the triangular numbers have odd parity,

(4i-2)(4i—-1)

Tai_p = and Ty_; = (‘“_3)2&, (Lemma 0.0.1) . This implies

T3, - T3, = (W) (GEDGDYE_ (GED) (45— 12— (41— 3)2)

= (2i — 1)2(16i — 2) = 8(2i — 1)3.

Therefore
N (T2, —TZ 5)=Y",8QRi—1)3=8Y",(2i—1)% Let2i— 1=k
Hence N (TA, —Ta_3) =83 'k® = 8T/ 2, - B!
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