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Abstract

Frame theory is the study of topology based on its open set lattice and it was studied
extensively by various authors. In this paper we introduce the notion of quotient frames using
filters and study the relation between the filters of the given frame and the filters of the
corresponding quotient frame.
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1. Introduction
Frame theory is topology seen through notions of lattice theory; here one takes the
lattice of open sets as the basic notion. The concept of Frames has been studied by many
mathematicians including B. Banaschewski, C.H Dowker, P.T. Johnstone. For details one can
refer to [1,2,3,4]. Here by using the concept of filters quotient frame is introduced. In this paper
we introduce the notion of equivalence relation on F and the notion of quotient frame and we
study the properties of the filters of the quotient.
2. Preliminaries
In this section we shall review some fundamental definitions and notions from [1,2,3,4].

Definition 2.1. A frame is a complete lattice F satisfying the infinite distributive law
an(vVS)=V{anrx|xeS} forany aeFand ScF.
In particular the following are examples of a frame:

1. The open sets of a topological space ordered by set inclusion

2. Any finite distributive lattice

3. Theinterval I=[0,1] of R

4. Any complete totally ordered set.
Definition 2.2. A subset M of a frame F closed under finite meets, arbitrary joins and having
unit(top) element e. and zero(bottom) element o. of the frame F is called a subframe of F.
Definition 2.3. For frames F, M a map h:F — M is a frame homomorphism if h preserves
finite meets, arbitrary joins, unit element and zero element.
Definition 2.4. Let F be a frame. For any non empty subset P of F, P is a filter or upset of F if

andonly if i) a,be P implies anbeP,ii) aeP,xeF implies avxeP.
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3. Quotient Frame
Let P be a filter of the frame F. For any x,y € F we define a relation ~ on F by x ~ yif
and only if there exist a,b e P suchthat xAa=yAD.

Proposition 3.1. The relation ~ is an equivalence relation on F.

Proof. Since e. € P we have x ~ x for every xe F, hence ~ is reflexive. By the definition
of the relation, ~ is symmetric. If X~y and y ~ z then there are a, b, cand d in P such

that xAa=yAb and yac=zAd.Hence (xrna)ac=(yab)ac=ya(bAac)=yAa(cab)
=(yac)ab=(yad)ab.Thus xa(anc)=zA(d Ab) and x~ z. Hence ~ is transitive.

Therefore ~ is an equivalence relation on F.

Lemma3.2. If x, ~ X, then X, AX~X,AX and X, vX~x,vx forall xeF.
Proof. Since x, ~ X, , there exist a,b € P such that x, Aa=x, Ab. Thenforall xe F ,
(x, Ad)AX=(X, Ab)AX.Hence (X AX)Ara=(X,AX)Ab and X, AX~X, AX.
Similarly (x, A@)v x=(X, Ab)vx andso (x, vx)A(@avx)=(X,vx)A(bvx).
Since P is filter of F, av x,bvxeP and x v x~X,VvX.
We denote [x], ={y € F | x ~ y}the equivalence class of x determined by the filter P.

Proposition 3.3. Equivalent classes of F determined by the filter P satisfies

1. Foreach xeF, xe[x],

2. [Xp=[yle & x~y

3. xelyly &[xl, =[yl, < yelxl,

4. Forany X,y e F exactly one of the following holds

) [Xenlyle =9 i) [x]s =yl

Volume-2 | Issue-7 | July,2016 | Paper-4 28



I]RD@ IJRDO-Journal Of Mathematics ISSN: 2455-9210

Proof. 1. Since x ~ x we have X €[x],

2. [x]s =Lyl = yelx], = x~y.Converselyx ~ y < y ~ X, as ~ is symmetric. Also for
any x, €[x],,we have x~x,. Hence y ~x . Thus x, €[x], = x €[y],. Hence [x], c[Y].
Similarly [y], <[x],. Therefore [X], =[Y],.

3. Follows from the proof of 2.

4. Foranyz, ze[X],N[yls = x~zandy~z = x~zand z~y = X~y = ye[x],
Hence [x], =[y], from 3. Therefore the result follows.

Lemma 3.4. For any filter Pof F, P= [e.],.

Proof. If acPthen ane. =e. na.Thus a~e-and ac[e-].. Hence Pc[e.]..
Conversely if ae[e-]., then e. ~aand hence there exist b,c € P such that e. Ab=anac.
Thus b=anac.NowasPisafilterof Fand ance P,wehave acPas (aanc)va=a.
Hence [e.], < P. ThusP = [e.],.

Denote by F/P ={[x], | x € F}the set of all equivalence classes [x], determined by the
filter F. We define two operations A and V on F/P as follows:

[X]. ALyl = XA Y], and V[x1.=[V x]e for x,y,(x),, €F .

Since ~ is an equivalence relation on F, the operations A and \ are well defined. For if

[x]o =[X15, [¥)s =[y1-and [x], =[x, for ie A. Then x~x", y~y and x. ~x/ forien.

Now X, ~ X = X Aa=x Ab forsome a,beP = V(x Ara)=V(XAb)

=ar(Vx)=ba(VX).Hence Vx ~Vx .Similarly we have xAy ~X"AYy".
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Hence [x]o Alyle = XA Yl =[X'A YT =[XT ALYTe and VIXIo=[V x]p =[V XTs = VIx] -

Therefore the operation A and \ are well defined.
Theorem 3.5. Let P be a filter of the frame F. Then (F/P, 7\,\~/) is also a frame with unity
element [e.], = P and zero element[o. ], .

Proof: Let [x]., [x], € F/P forall x, (x),_. F.

Then [x 1o ADXIp = % A X1p =X A% 1p =[X;]p AlX]p and

X1 VIX 1 =X VX1 =X v X1 =[x ] V[X]e -

Also [x], A (Y [41e) =[x]p A [V %Jo =[xA VX1, = [V (XA X)), = VXA %],

There exist [e.].=P and [0o.], in F/P such that [X], A[e.], =[x €], =[x], and

[X], V[0, ], = [Xv 0.1, =[x]. for all [x]. € F/P. Therefore (F/P,A,V)is a frame.
Definition 3.6. The frame F/P described in above theorem is called the quotient frame of the

frame F by the filter P.
Theorem 3.7. Let P be a filter of the frame F then,

1. k:F — F/Pgivenby k(x)=[x], is frame homomorphism such that k(x) =k(y)
whenever X ~y

2. If f:F — F'isaframe homomorphism such that x ~ y = f(x) = f (y) then there is
exactly one frame homomorphism g:F/P — F' such that gok = f

Proof: 1. We have k(xAy)=[xA Y], =[x], ALyl, and k(V x.) =[V x1, :_\~/[xi]P . Again since

k(e:)=[e;], and ,k(o-) =[0.]-, k preserves unit and zero elements.

Also X ~ y = [x],=[y], = k(X) =k(y).
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2. F———>F

N s

Consider [x], € F/P and set g([x],) = f(x). Then (g-k)(x) = g(k(x)) = g([x],) = f(x) for
every xe F.
We have the following theorem relating the filters of Fand F/P.
Theorem 3.8. If P and P’ are filters of the frame F and P < P’ then
1. P isalsoafilter of P’
2. P'/P={[x]} | xe P}is afilter of F/P.
Proof: 1. Follows from the definition of the filter.

2. First we shall show thatP’/P = F/P . Let [x], and [x]. denote elements of F/P and
P'/P respectively containing x. Let xe P’ and y €[x],. Theny e F and x ~ y with respect to P.
Hence there exist a,b e F suchthat xAa=yADb.Since PcP'and xeP’, xna=yAbeP'.
Since P'isafilter of F, (yAb)vy=yeP’. Thusye[x]i . Hence [x], = [X]: . Also clearly
[x]ﬁ' c[x], . Therefore [X], = [x]ﬁ'. Thus each element of P’/P is also an elementin F/P. Now
we shall prove that P’/P is a filter of F/P. Let [x]. and [y]: be two elements of P’/P. Then
x and y are elements of P’and hence x Ay e P'. Thus [X]. A[y]Z =[x, A[Y]s =[XA Y],
=[xAy]s €P'/P. Also for [z], € F/Pand [x], =[x]; €P'/P,we have zeF and x e P'and
hence zv xe P’. Thus [z], V[X]Z =[z], V[X], =[zv X], =[zVv X]; € P'/P.Hence P'/P isa
filter of F/P.

Theorem 3.9. If P is a filter of F/P then UP = {[x], |[X], € P} is a filter of Fand P < UP.
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Proof: Let a,b e UP . Then there exist [x], and [y]; € P such that ae[x], andbely],.

Thus x~a and y~b.Now by lemma3.2 xAy~anab.Hence arbe[xayl],.

Also [xA Y], =[x], A[y], €P as P isafilter of F/P. Thus anbeUP.Nowlet ze F and
a e UP . Then there exist [x]s € P such that a e [x], and [z], € F/P. Thus x ~ a. Now by
lemma3.2 zvx~zva.Hence zvae[zval,. Now [zval], =[z], V[a], € P as P is afilter
of F/P. Thus zvaeUP. Hence UP is a filter of F.

Also we have P = [e.], from lemma 3.4 and hence P e P as P is a filter of F/P . Hence
PcuUP.

Example 3.10. Consider the frame F = { X, {a, b}, {a}, {b}, D} where X={a, b, c} and the

order is set inclusion. P = { X, {a, b}} and P'={ X, {a, b}, {a}} are two filters of F.
We have [X], ={ X, {a, b}}= P = [{a,b}],, [{a}], ={{a}}, [{b}]; ={{b}}, [C]; ={<}.
Hence F/P={[X];, [{a}];, [{b}];, [C]; }-

Again P c P" and [X]7 ={ X, {a, b}} =[{a,b}]} =[{a,b}],, [{a}]7 ={{a}}=[{a}];-
Hence P'/P={[X]s, [{a}]s }={[X];. [{a}]: }

Here P'/Pis a filter of F/P. Also UP/P=[X], U [{a}], = { X, {a b}}u {{a}}

={ X, {a, b}, {a}}, afilter of F.
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